A Model of Epithelial Invagination Driven by Collective Mechanics of Identical Cells  by Hočevar Brezavšček, Ana et al.
Biophysical Journal Volume 103 September 2012 1069–1077 1069A Model of Epithelial Invagination Driven by Collective Mechanics
of Identical CellsAna Hocevar Brezavscek,†‡* Matteo Rauzi,§ Maria Leptin,§ and Primoz Ziherl†{
†Jozef Stefan Institute, Ljubljana, Slovenia; ‡Department of Physics and Astronomy, University of Pennsylvania, Philadelphia, Pennsylvania;
§European Molecular Biology Laboratory Heidelberg, Heidelberg, Germany; and {Faculty of Mathematics and Physics, University of Ljubljana,
Ljubljana, SloveniaABSTRACT We propose a 2D mechanical model of a tubular epithelium resembling the early Drosophila embryo. The model
consists of a single layer of identical cells with energy associated with the tension of cell cortex. Depending on the relative
tension of the apical, basal, and lateral sides of the cells, tissue thickness, and the degree of external constraint, the
minimal-energy states of the epithelial cross section include circular shapes as well as a range of inward-buckled shapes.
Some of the solutions are characterized by a single deep groove, which shows that an epithelium consisting of cells of identical
mechanical properties can infold. This is consistent with what is seen in embryos of certain Drosophila mutants. To ensure that
the infolding occurs at a predetermined section of the epithelium, we extend the model by increasing the cross-sectional area of
a subset of cells, which is consistent with observations in wild-type embryos. This variation of cell parameters across the epithe-
lium is sufficient to make it fold at a specific site. The model explores previously untested minimal conditions for tissue invagi-
nation and is devoid of specificity needed to accurately describe an in vivo situation in Drosophila.INTRODUCTIONEpithelial folding is a common process in the development
of animals. This morphological change can displace cells
from within a planar sheet to a new location, thereby
creating new layers of cells or organ primordia. Epithelial
folding is often the first step in gastrulation, initiating the
transition from a simple epithelial sphere or ovoid, called
the blastula, to a more complex, multilayered embryo (1).
Much effort has been made to understand both the molec-
ular basis and the mechanical properties of tissue folding.
The role of mechanics in morphogenesis is generally
appreciated (2), and it is worth asking to what extent epithe-
lial folding can be understood purely on mechanical
grounds. The earliest physical models studied were made
of spring steel and wire (3), brass bars and rubber bands
(4), or gelatin under varying salt and osmotic conditions
(5) to reproduce the overall form of a buckling epithelium.
Computer simulations have been used since the early
1980s (6) as an alternative way of exploring increasingly
more elaborate models. A sheet of material may respond
to forces acting upon it by random, passive bends. Depend-
ing on the properties of regions and the control of the forces,
the same sheet may also form folds in a controlled and
predictable manner—the situation that usually pertains in
live tissues.
One feature of the cells in a biological tissue that makes
a fold is that they usually differ from the neighboring cells.
Differences can be based on cell-type-specific gene expres-
sion (7–9) or protein distribution (10–14), which affect the
mechanical properties of cells (11,13,15,16). In line withSubmitted March 23, 2012, and accepted for publication July 11, 2012.
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a subpopulation of cells whose properties differ from those
in surrounding tissues can produce a fold in the embryo.
One of the first theories of tissue folding (6) showed how
a local behavior of individual cells within the epithelium
(e.g., a decrease of their apical surface area) is sufficient to
generate a propagating contraction that drives tissue folding.
Other studies have demonstrated that folding can be caused
by the intrinsic properties of a defined field of cells (17,18).
Finally, to attain a better match with cell shapes observed
in vivo, the effects of additional active contributions of
neighboring tissues have been explored (11,19–23), necessi-
tating an increase in the complexity of the model.
The model that we propose here is developed following
an alternative approach. Instead of elaborating an already
detailed theory by incorporating additional and more refined
behaviors of cells in the folding region and its surroundings,
we are looking for the simplest physical mechanisms that
may theoretically suffice to create invaginations. Whereas
existing models rely on a cell-type-specific behavior of
a subset of cells to generate tissue buckling, we now use
a physical model to test whether the difference between
cell populations seen in vivo is a necessary condition for
this process. Given our reductionist perspective, a full expla-
nation of tissue invagination in vivo is not the purpose of this
study, and it should be understood that forces and mecha-
nisms not discussed here are involved in this process.
Awell-studied example of tissue folding is the formation
of a furrow on the ventral midline of the fruit fly (Drosophila
melanogaster) embryo during gastrulation, which initiates
profound morphological changes. Before the ventral furrow
forms, the Drosophila embryo is an elongated ellipsoidal
one-cell-thick epithelium of ~6000 cells coating the centralhttp://dx.doi.org/10.1016/j.bpj.2012.07.018
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membrane. During the first stage of furrow formation, cells
in a band along the ventral side change their shapes and the
ventral tissue folds inwards (8,24) (Fig. 1, a and b). We test
our model by comparing the results to this example of tissue
folding.MATERIALS AND METHODS
Imaging and cell analysis
An embryo cross section was taken by using a Zeiss 780 (Peabody, MA)
two-photon confocal microscope coupled to a Chameleon laser (Coherent,a
b
c
FIGURE 1 (a) Electron micrograph of the ventral side of a Drosophila
embryo showing a furrow (image reproducedwith permission from Sweeton
et al. (24)). A, P, and Vare the anterior, posterior, and ventral sides, respec-
tively, of the embryo. (b) Fixed embryo cross sections having a circular
shape (left) and invaginated (right) (images reproduced with permission
from Leptin and Grunewald (8)). D, L, and V are the dorsal, lateral, and
ventral sides, respectively, of the embryo. (c) The model embryo tissue cross
section consists of a ring of N quadrilateral cells of area Ac enclosing a yolk
of area Ay. All apical, basal, and lateral edges are characterized by line
tensions Ga, Gb, and Gl, respectively (arrows). The embryo is contained
within a circular vitelline membrane (dashed circle).
Biophysical Journal 103(5) 1069–1077Santa Clara, CA) on aMRLC::GFP-tagged living embryo. This specific line
has been chosen to easily localize the basal site of cells since Myo-II is
basally localized in all embryo cells before the onset of gastrulation. The
image was taken at 200 mm inside the embryo from the posterior pole.
The cell apical region, for cell-diameter quantification, was imaged on
the dorsal, dorsolateral, lateral, ventrolateral, and ventral regions of
mCherry-membrane-tagged living embryos with a monolithic digital
light-sheet scanning microscope. Cell analysis and quantifications were
done using ImageJ (25) and Cell Profiler (26) software.MODEL
We construct a 2D model representing a cross section of
a tubular epithelium, whose geometry resembles the early
Drosophila embryo. We assume that the cross section of
the embryo captures all variable terms in the Hamiltonian
based on surface energy (21,23). The N cells in the embryo
cross section are represented by quadrilaterals arranged in
a ring encompassing a given amount of yolk (Fig. 1 c).
Both cells and the yolk are assumed incompressible
(17,21) so that the area of each quadrilateral cell, Ac, is fixed
(27) and identical for all cells, and the area of the polygonal
shaped yolk, Ay, is also fixed (we comment on how this
corresponds to Drosophila in Fig. S1 of the Supporting
Material). The epithelium is surrounded by a circular shell
of a variable degree of stiffness (17). The shell plays the
role of the vitelline membrane in vivo and is referred to
by the same name (Fig. 1 c). The energy of the system is
attributed exclusively to the three types of cell sides (28).
The line tensions of cell lateral, basal, and apical edges
(Gl, Gb, and Ga, respectively) can be modulated indepen-
dently from one another. The energy of the model epithe-
lium reads
W ¼
XN
i¼ 1

GaL
i
a þ GbLib þ
1
2
GlL
i
l

; (1)
where Lia, L
i
b, and L
i
l are the lengths of the apical, basal, and
sum of two lateral edges in cell i and the sum goes over all
cells. The factor accounts for the fact that each lateral side is
shared by two neighboring cells. Using the reduced apical
and basal line tensions,
a ¼ Ga
Gl
and b ¼ Gb
Gl
; (2)
the total energy (Eq. 1) can be cast in dimensionless form:
w ¼ ala þ blb þ ll; (3)
where la ¼
P
iL
i
a=Ry, lb ¼
P
iL
i
b=Ry, and ll ¼ 1=2
P
iL
i
l=Ry
are the reduced sums of all apical, basal, and lateral edge
lengths, respectively. The radius of the yolk before forma-
tion of the ventral furrow, Ry ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ay=p
p
, sets the length scale
of the problem. As in the study by Pouille and Farge (17),
the vitelline membrane is treated as an elastic shell of
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The membrane exerts an exponentially increasing pressure
on all parts of the epithelium whose distance from the center
exceeds rv. For r>rv, the pressure reads
pðrÞ ¼ p0

exp

r  rv
rv

 1

; (4)
and for r<rv the pressure is zero. Here, p0 ¼ 104pint controls
the magnitude of the membrane pressure and pint is the pres-
sure in the yolk before tissue buckling (17). The pressure of
the vitelline membrane contributes an additional energy
term given by
PN
i¼1pðriÞDAi, where the sum goes over all
cells and DAi is the area of the part of cell i outside the
resting circular vitelline membrane of radius rv. For ri, we
use the centroid of the part of the outline of cell i that rea-
ches beyond rv.
To simulate the formation of a ventral furrow with start-
ing morphometric properties comparable to the in vivo situ-
ation, we fix the number of cells, N, to 80 and set
Ac=Ay ¼ 11=600 ¼ 0:0183. Thus, the thickness of the
epithelium is ~18% of the diameter of the embryo cross
section, and the total area of the yolk is ~68% of the area
of the epithelium. The only remaining dimensionless param-
eters of the model are the reduced apical and basal line
tensions. By numerically minimizing the energy of the
epithelium (Eq. 3) subject to the two area constraints and
the vitelline membrane pressure, we find the equilibrium
shapes. The values of a and b in the real biological system
are not known, so we numerically explore the (a, b)-plane
and focus on the parameter values that produce biologically
relevant shapes. The model is implemented within the
Surface Evolver package (29), where it can be represented
and solved. Within Surface Evolver, our model cells are
constructed starting from vertices connected by straight
edges. The edges carry the energy specified by Eq. 3 and
the enclosed area is fixed. The minimal-energy configura-
tion is found iteratively starting from an initial shape. For
any given set of parameters, we used several initial shapes
to ensure that we found the minimal-energy, rather than
a metastable, shape. In each step of the iteration, the net
force exerted by the edges on a vertex is computed and
the vertex is displaced proportional to this force. The
descent is optimized by halving and doubling the (auxiliary)
time step to bracket the energy minimum. Thus, each vertex
slides along the direction of the steepest energy gradient
toward the minimal-energy state. When the force on each
vertex is zero, equilibrium is reached and the energy no
longer changes.
To avoid possible metastable states and to allow the
search for the minimal-energy shape, we introduced random
displacement of vertices (jiggling). Jiggling randomly dis-
placed each vertex independently with a Gaussian distribu-
tion. In our simulation, an average displacement no larger
than a few percent of the mean edge length was sufficientto kick the model epithelium from a possible metastable
state. Jiggling was followed by further steepest-gradient
relaxation. The jiggling magnitude was gradually decreased
during the simulation to allow the system to reach the
minimal-energy state.
By changing the initial conditions as well as the magni-
tude of jiggling, we searched for the equilibrium shape at
a given a and b. For all parameter values that we explored,
there is always a single most pronounced energy minimum
that is assumed to be the global one. At a given a and b, this
minimum is reached for any starting shape that we analyzed.RESULTS AND DISCUSSION
Phase diagram
The diagram of stable model embryo cross sections shown
in Fig. 2 a is the result of varying the reduced tensions
a and b for an epithelium of N ¼ 80 cells with cell/yolk
area ratio of Ac=Ay ¼ 11=600 ¼ 0:0183 contained within
a vitelline membrane, which generates a pressure parame-
terized by p0 ¼ 104pint. Note that the shapes shown in
Fig. 2 a are all drawn with the infolding facing downward,
although the model itself has no specific dorsal-ventral
orientation: the buckling can occur at any random angular
position along the epithelium. The (a, b)-plane can be
roughly partitioned into two regions. At large values of
a and b, the equilibrium shapes are circular, whereas at
small a or b they are buckled. The shapes lying along any
upper left to lower right diagonals where a þ b ¼ const.
(e.g., on the dashed line where aþ b¼ 4.4) are very similar
to one another in terms of the depth of the groove; some of
these resemble the furrow cross section in real embryos (cf.
Fig. 1 b). In the part of the diagram with small a and small b,
the infolding is deeper, and in shapes located in the lower
left corner, it reaches the opposite side of the model epithe-
lium. Finally, shapes in the upper left, as well as the lower
right, corner of Fig. 2 a are characterized by more complex
contours of the epithelium. For example, the (a ¼ 3, b ¼
0.6) shape (Fig. 2 c) has two symmetric creases on the basal
side of the epithelium adjacent to the groove.
The mechanism producing buckled shapes can be under-
stood by considering that the length of the epithelium
midline (the line equidistant between the basal and apical
sides of the epithelium) is controlled by the sum of the
apical and basal tensions, a þ b, which plays the role of
an effective line tension of the midline. For a þ b > 5.2
the minimal-energy shape is circular, thereby minimizing
the length of the midline. As a þ b is decreased, it becomes
energetically advantageous to increase the length of the
apical and basal edges at the expense of the lateral edges.
The midline length is globally increased and the epithelium
folds inward because it is contained within the vitelline
membrane. The effective line tension a þ b can be
decreased by decreasing either a or b or both. A geometricBiophysical Journal 103(5) 1069–1077
ba
c
FIGURE 2 (a) Phase diagram of the model embryo cross section for N ¼ 80, Ac=Ay ¼ 11=600 ¼ 0:0183, and p0 ¼ 104pint. The large a, large b shapes
located in the shaded area are circular, whereas those at a small enough a þ b show infoldings. The solid line where a þ b ¼ 5.2 separates circular shapes
from the rest. The a b¼ 0 dashed line connects states where apical and basal tensions are identical. Cross-sections arranged along the upper left/lower right
dashed diagonal where a þ b ¼ 4.4 emphasize that the infoldings in shapes of identical a þ b are of similar depth. Still, the details of their contours depend
on the differential tension a b. (b) If apical tension is larger than basal tension (a b> 0), the infolding is more round and its tip contains more cells than
in shapes with a  b < 0. Note the localized constrictions on the basal side (indicated by arrows in the shape with a ¼ 1.4, b ¼ 2.6) and on the apical side
(arrow in shapewith a¼ 1.6, b¼ 1.4). (c) The shape with a¼ 3.0, b¼ 0.6 has some aberrant structures and short-wavelength features that are a consequence
of the very large differential tension a  b. In this figure and in Figs. 3–5, shapes have no specific dorsal-ventral orientation.
1072 Hocevar Brezavscek et al.explanation of the threshold value a þ b > 5.2 is presented
in the Appendix. This explains why shapes lying along
a diagonal where a þ b ¼ const. are generally similar.
However, a closer comparison of the model epithelia located
in the upper left and lower right corners of Fig. 2 a shows
that some features of their shapes depend on the differential
tension a  b. If a  b > 0, apical constriction occurs in
a larger number of cells, and the tip of the infolding in,
e.g., the (a ¼ 2.6, b ¼ 1.4) shape consists of more cells
than that in the (a ¼ 1.4, b ¼ 2.6) shape (Fig. 2 b). At the
same time, fewer cells participate in the two bends at the
edge of the infolding that consist of basally constricted cells.
The phase diagram shows a graded transformation of the
circular shapes into shapes with grooves and increasingly
deeper infoldings. If we consider tissue buckling as
a sequence of equilibrium states, the various shapes in
Fig. 2 a can be compared to the different phases of furrowBiophysical Journal 103(5) 1069–1077formation in vivo. Many pathways leading from the starting
circular state toward an infolded state are admissible. Two
clear examples are the horizontal and vertical trajectories
corresponding to a continuous decrease of a and b, respec-
tively. The simplest way of decreasing either a or b is to
decrease the apical or basal line tension (Ga and Gb, respec-
tively) while keeping the lateral line tension, Gl, unchanged.Varying conditions for buckling
Having established that the proposed model is able to
generate buckled shapes, we now explore how this mecha-
nism works when its parameters (pressure of the vitelline
membrane, epithelial thickness, and number of cells in the
model tissue) are varied one at a time.
We first examine the effect of the vitelline membrane by
changing its stiffness, which is controlled by p0. Fig. 3 a
ab
c
d
FIGURE 3 Model embryo cross sections in the (a, b)-plane for N ¼ 80
and Ac=Ay ¼ 11=600 ¼ 0:0183 contained within the vitelline membrane
with p0 ¼ 0 (a) (the three dashed lines connect shapes where a  b ¼
1.5, 0, and 1.5), p0 ¼ 102pint (b), and p0 ¼ 106pint (c). In the absence
of the vitelline membrane (a), the shapes generally depart considerably
from the circular contour (shaded area) unless a and b are both large. As
the vitelline pressure is increased, the shapes become increasingly more
circular and occupy an ever larger part of the phase diagram explored
here. (d) The tendency toward circular shape with increase in pressure is
also seen in the four selected shapes of identical a and b but dissimilar
p0. The dashed circle represents the resting shape of the vitelline membrane
in the circular embryo.
Mechanical Model of Epithelial Invagination 1073shows that in the absence of the membrane (i.e., for p0 ¼ 0),
the model epithelium cross sections can deviate from the
circle shape. Instead, the region of the (a, b) space exploredhere is dominated by elliptical and biconcave shapes. For
a  b > 1.5 and a  b < 1.5 (the upper left and lower
right corners of the phase diagram), the cross sections are
marked by tissue bending or indentations (Fig. 3 a). Thus,
for small values of a  b, the vitelline membrane plays
a major role in containing the tissue and making it form
indentations. For large magnitude of a  b,
the epithelium is buckled even in the absence of the vitel-
line membrane. The reason is that at large magnitude of
differential tension, the length of either the apical (for a 
b > 1.5) or basal sides (a  b < 1.5) is forced to shrink
as much as possible, and this is realized if the epithelium
buckles. Fig. 3, b and c, shows phase diagrams for
increasing vitelline membrane pressure p0 ¼ 102pint and
p0 ¼ 106pint, respectively. Within the region of the (a, b)
space investigated here, the vitelline membrane is necessary
to allow the formation of a single groove with no additional
tissue bending or indentations (cf. Fig. 3, a–c). At the loca-
tion of the groove, a gap between the apical side of cells and
the vitelline membrane forms. Due to fixed cell and yolk
area constraints, this is possible only if some cell vertices
are pushed beyond the resting vitelline membrane radius,
rv. As p0 is increased while keeping all other parameters
constant, the model epithelium is progressively constrained
within the initial circular boundary defined by the vitelline
membrane (Fig. 3 d). In the limit of p0/N where no cell
is allowed to go beyond rv, there is no space for the gap to
form, and the whole diagram is occupied by circular cross
sections. In this regime, the membrane acts as a solid
constraint that does not allow any deviation of the apical
contour from the circle.
We next change the thickness of the epithelium by
varying the cell/yolk area ratio, Ac=Ay, while keeping the
number of cells and the vitelline membrane pressure the
same, as in Fig. 2 a. By decreasing Ac=Ay from the initial
value of Ac=Ay ¼ 0:0183 used in Fig. 2 a, the region of
the phase space where buckled shapes are stable gradually
shrinks, as illustrated by the Ac=Ay ¼ 0:01 diagram shown
in Fig. 4 a. Conversely, as Ac=Ay is increased, the buckled
shapes occupy an ever larger part of the phase space (see
the Ac=Ay ¼ 0:025 diagram in Fig. 4 b). Two additional
phase diagrams corresponding to a lower value of the vitel-
line membrane pressure and cell/yolk area ratios are shown
in Fig. S3 and Fig. S4.
Finally, we study the role of the number of cells in the
model. We compare the model epithelia with N ¼ 120, 80,
40, 20, and 10 cells while keeping the total area of the
epithelium NAc and all other parameters the same as in
Fig. 2. As exemplified by N¼ 40 shapes (Fig. 5), decreasing
the number of cells in the cross section causes the shapes to
be less smooth. Apart from this difference, the shapes for
N ¼ 40 are very similar to those for N ¼ 80 shown in
Fig. 2. Since halving the cell number also results in a 50%
reduction of the total energy associated with the lateral
sides, the tensions needed to generate shapes of similarBiophysical Journal 103(5) 1069–1077
FIGURE 5 Phase diagram of model epithelia with N ¼ 40 and
Ac=Ay ¼ 22=600 ¼ 0:0366 (so that the total area of the epithelium,
NAc ¼ 880, is the same as in Fig. 2 a and p0 ¼ 104pint. The shapes shown
here are quite similar to those in Fig. 2, although the number of cells is
halved. To make the comparison meaningful, the apical and basal tensions
need to be rescaled and a ðN ¼ 40;a40;b40Þ shape is to be compared to
a ðN ¼ 80;a80 ¼ 2a40;b80 ¼ 2b40Þ shape.
FIGURE 4 Effective thickness of the model epithelium controlled by the
cell/yolk area ratio Ac=Ay is an essential parameter of the threshold for fold
formation. (a and b) In the epithelium with Ac=Ay ¼ 0:01 (a), the buckled
shapes are stable in the bottom part of the phase diagram, whereas for
Ac=Ay ¼ 0:025 (b), they fill almost the whole of it. N ¼ 80 and
p0 ¼ 104pint for all shapes. The region occupied by circular shapes is
shaded. (c) An enlarged shape with a ¼ 3.0, b ¼ 0.6, and Ac=Ay ¼ 0:025
has some aberrant structures and short-wavelength features resulting from
a very large differential tension a  b. To minimize the lengths of apical
sides, the main invagination is accompanied by several smaller grooves.
1074 Hocevar Brezavscek et al.appearance also differ by a factor of ~2. For example, the
ðN ¼ 40;a40; b40Þ shape roughly corresponds to the
ðN ¼ 80;a80 ¼ 2a40; b80 ¼ 2b40Þ shape. The N ¼ 40 and
N ¼ 20 phase diagrams for a vitelline membrane with
p0 ¼ 104pint lead to similar conclusions (Fig. S5 and
Fig. S6).
For the various conditions in which we observed buck-
ling, the role of the sum, a þ b, as well as the role of
differential tension a  b, is the same as in Fig. 2. Buckling
appears only if a þ b is small enough. In the case where
a  b > 0, apical constriction is observed, whereas if
a  b < 0, basal constriction takes place.Biophysical Journal 103(5) 1069–1077Comparison with ventral furrow formation in
Drosophila embryo
Our numerical model suggests that tissue buckling can be
generated by tuning the apical, basal, and lateral tensions
of mechanically identical cells. We now compare these
results to the formation of the ventral furrow in the
Drosophila embryo. We are interested primarily in the over-
all logic of the process rather than in the precise shape of
individual cells or in the detailed agreement of the infolded
model shapes and the cross section of a Drosophila embryo.
We thus ask which global aspects of folding are captured by
the proposed model.
We first measure the compliance of the vitelline
membrane in vivo and compare it to the changes in the
radius of the vitelline membrane during fold formation in
the model. Quantitative analysis shows that in vivo the
vitelline membrane stretches only slightly, but a close
inspection shows that a space filled with fluid separates
the apical cell sides and the vitelline membrane (Fig. S2).
During ventral furrow formation, the apical sides move
toward the vitelline membrane and the space in between
is reduced. What is represented as the vitelline membrane
in the model is in vivo the vitelline membrane together
with the interstitial fluid. In vivo measurements show that
the thickness of the interstitial layer during furrow forma-
tion decreases by ~2 mm, which amounts to ~2% of the
resting vitelline membrane radius. In our model, we take
into account the changes in the area that is enclosed in
the model vitelline membrane by a soft constraint that
allows the area inside the model vitelline membrane to
change. For the model system with vitelline membrane
pressure p0 ¼ 102pint, the radius of the membrane of
the invaginated shape is ~10% larger than the radius of
the resting model vitelline membrane. For p0 ¼ 104pint,
ba
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FIGURE 6 (a) Cross section of a Drosophila MRLC::GFP embryo (see
Methods) just before the onset of gastrulation. Cells on the ventral region
(V) are 37 mm long, whereas cells in the dorsal (D) region are 31 mm
long. (b) Histogram of the apical diameter of cells positioned at the dorsal
(D), dorsal-lateral (DL), lateral (L), ventral-lateral (VL), and ventral (V)
sides of the embryo. Measurements are normalized to the average diameter
of the dorsal cells. (c) Shape transformation of the model cross section
epithelium where the area of the 18 shaded cells in the mesoderm is 30%
larger than in other cells with Ac=Ay ¼ 11=600 ¼ 0:0183 : in the shaded
cells, Ac=Ay ¼ 14:3=600 ¼ 0:0238. The circular shape (left) is the initial,
unstable state at a ¼ 2.8 and b¼ 1.0, whereas the invaginated shape (right)
is the energy-minimizing stable state. The other parameters readN¼ 80 and
p0 ¼ 104pint.
Mechanical Model of Epithelial Invagination 1075the radius stretches by ~2%, whereas for p0 ¼ 106pint it
stretches by ~0.5%. The case with p0 ¼ 104pint is thus
comparable to the in vivo case.
The most striking difference between the embryo and
the model epithelium is that in the former the invagination
always occurs on the ventral side, whereas in the latter the
furrow can form at any random angular position along the
epithelium. In the Drosophila embryo, the site of invagi-
nation is determined by the developmental program of
the ventral cells, which is controlled by transcription
factors that are activated in these cells and determine their
fate and their mechanical properties. However, situations
exist in which all cells in the embryo have identical or
nearly identical fates along the dorsal-ventral axis,
because the fate-determining transcription factors are acti-
vated in a uniform or nearly uniform manner (30). In the
extreme case, such embryos form no furrow, but in some
cases, a furrow is formed on the ventral side of the
embryo (8), although all cells express the ventral develop-
mental program and therefore have similar or even iden-
tical mechanical properties. Thus, the cells around the
whole circumference of these embryos undergo apical flat-
tening (8), a process that is normally characteristic only
for the ventral cells. This shows that 1), a lesser degree
of cell difference than that seen in wild-type embryos is
sufficient for furrow formation; and 2), more subtle asym-
metries or other unknown factors may be responsible for
positioning the furrow on the ventral side. We therefore
tested modifications of our model that would fix the site
of buckling.
As in other models (11,18–23,31), we first changed the
mechanical properties by altering the force distribution in
a subgroup of cells. We found that increasing apical tension
or decreasing basal tension in these cells makes them more
prone to invaginate. However, in line with the idea of main-
taining the three types of tension identical in all cells, we
sought a scenario free of specific active mechanisms. We
thus looked for other possible factors that could produce
a bias in our model. Specifically, we examined the differ-
ences in cell geometry in vivo.
We analyzed the cross section and surface view of six gas-
trulating embryos and we measured the geometry of a total
of 9268 cells in different regions of the embryo before the
onset of furrow formation. We found that just before the
onset of gastrulation (defined as the time just before apical
constriction of ventral cell surfaces or displacement of
ventral nuclei toward the interior can be detected), cells in
the ventral region are ~20% longer (Fig. 6 a) and ~10%
wider (Fig. 6 b) than dorsal cells, resulting in a difference
in the cross-sectional area of ~30%. We then tested whether
the site of buckling could be controlled by changing the
cross-sectional area of cells in one region of the model
embryonic epithelium while keeping the apical, basal, and
lateral tensions the same in all cells. We found that the larger
cells are more prone to invaginate. In our model epitheliumwith N ¼ 80, Ac=Ay ¼ 0:0183, and p0 ¼ 104pint, a 5%
increase of the cross-sectional area of 18 cells is sufficient
to position the invagination within this same set of cells
(Fig. 6 c). Larger cell-area variations are needed for stiffer
vitelline membranes.Biophysical Journal 103(5) 1069–1077
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In summary, we show that a model 2D embryonic epithe-
lium can produce a single deep infolding even in a situa-
tion where all cells have identical properties and no
localized mechanical forces are imposed on a subset of
cells. This mechanical instability is somewhat reminiscent
of the buckling of an expanding surface that is laterally
constrained, which has been used to account for pattern
formation in plant shoots (32,33). Results from our model
are consistent with experimental evidence from Dro-
sophila embryos. Embryos in which cells along the
dorsal-ventral axis have a lesser degree of difference
than in the wild-type are still able to form a furrow. In
the proposed model, infolding can be induced at a specific
location by changing the cross-sectional area of a subgroup
of cells. The measured cell-size differences in the living
embryo before the onset of gastrulation exceed the
threshold for furrow localization predicted by our model
for the vitelline membrane pressures that we have exam-
ined. If this mode of creating and positioning an invagina-
tion were at work in vivo, it would most likely act in
cooperation with other mechanisms to ensure reliability
and reproducibility of the process. This model explores
the minimal properties for an invaginating epithelial
system, which can be further tested against the in vivo
data, for instance by using laser-based ablation to measure
the tension of the different sides of cells in various regions
of the embryo in wild-type and mutant conditions (34,35).
Our model can also predict the amount of strain imposed
on each cell side. At any given a and b, the equilibrium
shape of an isolated cell can be computed by minimizing
Eq. 1 at fixed cell area Ac. By comparing the lengths of
cell sides in the epithelium to those of an isolated cell,
we can quantify the strain. The computed strain patterns
shown in Fig. S7, Fig. S8, and Fig. S9 demonstrate the
localization of strain in some theoretical shapes. Laser-
cutting experiments could probe the strain of cell sides,
which would allow further testing of the predictions of
our model.APPENDIX
The sum of the apical and basal tensions, a þ b, plays the role of an effec-
tive line tension of the midline. The mechanism of the transition from the
circular to the buckled shape that occurs as aþ b is decreased can be under-
stood by realizing that as the sum of the two tensions decreases, the perim-
eter of the epithelium midline increases at the same amount of yolk. As
a result, the shape that is circular at large a þ b buckles as a þ b is
decreased. We can approximately predict the threshold at which the transi-
tion happens by computing the perimeter of the epithelium midline and the
area that it encloses as a function of the two tensions for the case without the
vitelline membrane. If we assume that the cells are rectangular, with lateral
sides Ll, apical sides La, basal sides La ¼ Lb, and area Ac, then the energy of
a cell reads
W ¼ GaLa þ GbLb þ 1
2
GlLl; (5)Biophysical Journal 103(5) 1069–1077so that
W
Gl
¼ ðaþ bÞLa þ Ac
Ga
: (6)
Then the optimal length of the apical side Lopta is the solution of equation
dW
GldLa
¼ Ac
L2a
þ aþ b ¼ 0; (7)
so that
Lopta ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ac
aþ b
r
: (8)
The perimeter of the epithelium midline is approximately
Pe ¼ NLopta ¼ N
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ac
aþ b
r
(9)
and the enclosed area, Ae, approximately equals
Ae ¼ Ay þ N Ac
2
: (10)
In a circle with perimeter P and area A, the ratio 4pA=P2 equals 1; there-
fore, the transition from a circular to a buckled shape happens when
ae ¼ 4pAe
P2e
¼ 4p

Ay=Ac þ N=2

N2
ðaþ bÞ<1: (11)
By inserting the parameters that we used (N ¼ 80, Ac ¼ 11, Ay ¼ 600),
we find that the threshold is at a þ b ¼ 5.38.SUPPORTING MATERIAL
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